Aerodynamic Shape Optimization with Uncertain Operating Conditions using Metamodels by Duvigneau, Régis
Aerodynamic Shape Optimization with Uncertain
Operating Conditions using Metamodels
Re´gis Duvigneau
To cite this version:
Re´gis Duvigneau. Aerodynamic Shape Optimization with Uncertain Operating Conditions
using Metamodels. [Research Report] RR-6143, INRIA. 2007, pp.32. <inria-00136494v2>
HAL Id: inria-00136494
https://hal.inria.fr/inria-00136494v2
Submitted on 15 Mar 2007
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
appor t  
























INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Aerodynamic Shape Optimization





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)














`\fLbe[{xNwnxJP d}b"P)wyzbzZdfP_[f[wnP_d^lZzZYI`NwyOeh|#[]LwnxJPlyxZ\feOe_w\feli`ﬃxNd^libP_O[7e`|aNzZe`bab`N| P d^\fwne`lyxJP d%w\^e`b
| ly`NzZe\^ely`[ ¡ 7¢£\fP dﬃw¤dfP ¥IeP ¦ln¢#\^LNPxl<[^[^ebPwyxbxbdfliwi|%LbP_[\fl¤\fwn§iP¨e`<\fl©wy|_|lyaN`i\ab`|P d^\fwye`<\oYi""P¨xbdflyxJli[^Pª\^l«aN[^P
OP\%w¬­OlIzbP e`b:\^P_|%LN`beg<abP}[7e`lyd%zZP d\fl
zZP_¥yP lyxw\o"ln¬­P ¥yP_®OlZzZP e`Nxbd^lZ| P_zZabdfP#¢¯lydŁ[o\%w\fe[]\^eh| [SP_[]\^eOwn\^ely`®7v{wizZehwn







¥wndfehwn`N| PŁly¢2\fLbP)zZd%wn|lIP´:|eP `<\{7e\^Lªab`N| P d^\fwye`ﬃ¢¯d^P_P¬¶[o\fd^P}wnO·Twi|%Lﬃ`IabOrP_d_
¸¨¹<º>»^¼r½
¾Dy











    `©wylidfzbPﬃzbwy`N[|Pdfwyxbxlid]\zZP_[xbdflyNM_OP}[rz lixZ\^eOe[fw\feli`©zZPﬃ¢¯lydfOPªwnc_d^lZzZYI`NwyOeg<abP:e`N| aNwy`<\zZP}[
| ly`NzZe\^ely`[:zZPª¢¯ly`|°\^ely`N`bP OP `<\:e`N|P_d]\%wne`bP_[_  Sxbd^M}[ab` bewy` zZP_[:wyxbxbdflZ|%LbP_[xJli[f[]ebP_[xJlyabd
xbd^P_`NzZdfPªP ` |liOxb\^P
P_[
e`N| P d^\^e\^aNzbP_[_{ly` xbdflyxJli[^Pz aZ\^ee[^P dzZP_[ﬃOc\fwn¬EOlZzZM_P}[xliabdﬃzbc ¥yP_lixbxJP d:ab`NPxbdflZ|c_zbabd^P©zZP aZ² `be¥yP}wnaZ² zZP
OlZzZc eh[^wn\^ely`¤xliabd) P}[o\feOwn\^ely`«zZP:[]\fw\fe[]\^ehg<abP_[_ P_[¢¯ly`N|\^ely`N[ﬀªwy[^Pd%wyzbewyP[^ly`<\)aZ\^ee[^c P}[xliabdwyxbxbdflI|%LNP d#P}[





z ab` w³¥Iely`«z w! wned^PiP_`«Oe`beOe[fwn`<\hw¨OlYyP_`b`bPP \w¥³wyd^ehwn`|P:zZa
| l<P ´:|eP `<\SzZPŁ\^d%w#"£`bc Pw³¥iP_| ab`ª`blyOrbd^PzZP)Twy|%LªwnOly`<\ab`N|P_d]\%wne`®
$ ½ _ » &%  ﬃ' xZ\^eOe[fw\feli`zbP#¢¯lydfOPiZe`|P d^\^e\^azZP_[_N|li`N|P_xZ\^ely`dflybaN[]\^PiZOc\fwyOlIzbM P_[_bwnc dflZzZYI`NwnOehg<abPy
 
	ﬀﬁﬃﬂ "!#ﬂ$&%' ﬂ(*)+,-.ﬂ/




_ ½ ¾ Dn#G ½
F
 ½  ½ D ¾ ¹ #GH
F I
i  P\fP dfOe`beh[]\^eh|[]LNwyxP#lixZ\^eOe}w\^ely`xbdflybP O ##Ł####Ł####Ł# J
i 5Tln\^e¥w\feli`
¢¯lid7lyxZ\feOe_w\feli`ﬃaN`NzZP dSab`N|P_d]\%wne`<\oY:#Ł####Ł####Ł# J
i  TP\^LNlIzN["¢¯lyd7dflybaN[]\{zZP_[^ey` Ł####Ł####Ł####Ł# 
i N Tab \fexJlye`<\ wnxNxbd^l<wy|%L Ł####Ł####Ł####Ł# 
i N  Klyd%[]\]¬¶| wy[^P#wnxbxbdfliwi|%L Ł####Ł####Ł####Ł# 
i N   `<\fP df¥³wy®wn`NwyYZ[^e[wyxbxbdfliwy|%L~####Ł####Ł####Ł# 
i N  WI\fw\fe[]\^eh| wy2wnxNxbd^l<wy|%L Ł####Ł####Ł####Ł# L
MON
_Z#GÇ_G@y %"P+P ½ bRQTS ½ 
 ½  _¾ ¹ #GH
F U
b*RS`N|P_d]\%wne`<\oYP_[]\^eOwn\^ely` #Ł####Ł####Ł####Ł# V
bi  P\fP dfOe`beh[]\^eh|#¥<eP 7xJlye`<\ ####Ł####Ł####Ł# V
bi  WI\^lZ|%LNwy[]\^eh|Ł¥IeP_7xlie`<\ Ł####Ł####Ł####Ł# V
b  µ l<[o\¢¯ab`|°\^ely`¨wyxbxbdfl³²IeOw\feli` Ł####Ł####Ł####Ł# _
b b KDw³YIlid7[]P_d^eP_[7wyxbxbdfl³²IeOw\feli` ###Ł####Ł####Ł# _
b b  vSwyzZehwnXWwy[^eh[ZYbab`N|\^ely`N[)Ł####Ł####Ł####Ł# y
















N j±d^libP_O zZP}[^| d^exZ\^ely` ##Ł####Ł####Ł####Ł# _
Ni KP_[]\f|_wy[^P©###Ł####Ł####Ł####Ł# _
Ni  jwydfwyOP \^P_d^e_wn\^ely` #Ł####Ł####Ł####Ł#  




N  WZe`biP ¬ExJlye`<\7lyxZ\feOe_w\feli` Ł####Ł####Ł####Ł# L
N  WI\^aNzZYﬃln¢Dab`N|P_d]\%wne`<\oY:xbdflyxNwyiw\feli` ####Ł####Ł####Ł# y
N  v{P_[^ab \%["¢¯lyd7dflyba[o\{zZP}[]ey`#Ł####Ł####Ł####Ł# @J
N  jwyd^P \^l¢¯d^li`<\r##Ł####Ł####Ł####Ł# @J
N    d%wn|lIP´:| eP_`i\7¥wndfehw\^ely`[+####Ł####Ł####Ł# @J
N    ¡xJli[]\^P_d^elydfe>¥wnezbwn\^ely` Ł####Ł####Ł####Ł# n
N   WZLNwnxJP)|liOxwndfe[^ly` Ł####Ł####Ł####Ł# i









KLNwy`b§Z[Ł\^l\^LNPd^P}|P `<\#eOxbdfl¥yP_OP `<\f[Łln¢"`IabOP dfe|_wnOP\fLblZzb[#e`©µ liOxNaZ\fwn\^ely`Nwy YDabehz  YI`NwnOeh| [	­µ Y
wy`Nz\fLbP
zZP_¥yP_lixP_OP_`<\{ln¢LbeyLªxP_d]¢¯lid^Owy`N|P)| lyOxbaZ\fe`b:|_wnxNwybee\^eP_[_N|liOxbP ²ªwy`Nzd^P}wne[]\^eh|#xbdflybP O["¢¯lid{e`zZaN[]\^dfewywnxNxbe¬
|_w\^ely`["wyd^PŁ`bl wizbzZdfP_[f[]P}z:IYP `Nye`bP P_df["aN[^e`Nr`IabOP dfeh| wn [^eOrabhw\^ely`2  `ﬃ\^LNe[7| ly`<\^P ²<\}<\^LbP[]\^aNzZY
ln¢2\fLbP[]liabd%|P_[ ln¢
ab`|P d^\fwye`<\oY
wy`NzﬃP dfd^lid"e`µ Y ~d^P}[]aN \%[LNwy[JP P_`ªwy`ﬃe`N| d^P}wy[^e`bdfP_[^P_wnd%|%L:\flyxbeh| ¢¯lyd\fLbPwi[o\7YiP_wnd%[_
W"P¢¯lid^PzZeh[^| aN[^[^e`b©ly¢ab`N| P d^\fwne`<\oY wn`Nz P_d^dflyd[]liabd%|P_[wn`z \^LNP ed| wi[^[^eJ| w\feli`®7\fLbP ed¨zZPN`Ne \feli` eh[ﬃdfP Oe`NzZP}z
wi| |lidfzbe`bS\^l      Ç SOP_d^eh| wy`  `[o\fe \faZ\^P7ly¢J P dfly`wnaZ\fe|_[wy`N[ S[]\^dfly`NwyaZ\^eh| [
°³\fLbPab`N| P d^\fwne`<\oYe`
µ Y  eh[]w xly\^P_`i\fewy
zZP|eP `|Ye`
wn`IYxbLNwi[]P lydwy|°\fe¥Ie\oYln¢ \^LNP OlZzZP e`bxbdflZ|P}[^[±\^LNwn\ eh[zZabP{\flrhwy|%§ln¢§<`Nl7P}zZyP­KLbe[zZPN`be\^ely`
ab`zZP dfe`bP}[ \^LNP±[o\flZ|%LNwy[]\^eh|`Nw\fabdfPln¢Zab`N| P d^\fwne`<\oYy  `#\fLbP±| ly`<\^d%wndfYyP_d^dflyd e`rµ Y  [^eOabhw\feli`N[ eh[®|P_wyd^Y zZP \^P_d^Oe`be[]\^eh|
wy`Nzªe[SzZPN`NP_z¨wy[ﬀ]wdfP_| lyy`Ne}wnbPzZP| eP_`N|Yﬃe`wy`IY
xbLNwi[]PlidSwy|\^e¥Ie \oYﬃln¢\^LbPOlZzZP_e`bxbdflZ|P}[^["\fLNw\Seh[{`Nln\SzZabP)\^l
hwy|%§:ly¢§I`bl7P_zZiPﬁ­kKLbP}[]PŁ\o"l| ly`N| P xZ\%[7[]liOP\^eOP_[P_wiz:\fl:|ly`b¢¯aN[]ely`2
 `ﬂ  Jﬃ­b[]liabd%|P_[ly¢ab`|P d^\fwye`<\oY
wy`NzﬃP dfd^lidwyd^P#wn`wnYI[^P_zwn`zﬃ| wi[^[^eP_zﬃe`<\^l¢¯liabd7Owne`ª|_w\fP ylid^eP_[
yjkLIYZ[]eh| wy OlZzZP_e`b 
Çw!
ﬃ  [^[^abOxZ\feli`N[e`¤\^LbP:j  ﬁ"De`<¥Ieh[^| ez$#Nl¥Ie[f|liaN[#Nle`N| lyOxbdfP_[f[]ebP%#Nl|%LNP Oe|_wnY+d^P}wy|\^e`bªiwy[_
\fdfwy`N[^e \feli`Nwn>lyd\fabdfbabP `<\&#NlZP\%|%'
¯ 
ª SaZ²ZeehwndfYrOlZzZP h[D[]\fwn\^P{P}giaw\^ely`2y\fLbP dfOlIzbY<`wnOe|SxbdflyxJP d^\^eP_[_n\^d%wn`Nxlid]\%[kxbdflyxJP d^\^eP_[_i|%LbP_Oe|_wnNOlZzZP_[_
dfP_wi|°\feli`ﬃwn`z
d%w\fP_[_I\^abdfbabP `N| POlIzbP EZP\f|%'
Ç|ﬃ
 W"liab`Nzbwyd^Y|ly`zZe \feli`N[(wnNdflyabiLb`bP}[^[_n¢Çwyd)NP_z
|ly`zZe \feli`N[_y¢¯dfP P ¬­[^abd^¢Çwy|P{| ly`Nzbe \feli`N[ <yP_lyOP\fd^YzZP}[^| d^exZ¬
\feli`®ZP\%|%'
Z Seh[f|dfP\^e_wn\^ely`wy`Nz[^lyaZ\^ely`*7\^dfab`N|_w\feli`P dfd^lidﬁ@[]xNwn\^ehwnwn`Nz\^P_OxJlyd%wn+
°>e\^P_dfwn\^e¥yPr| ly`I¥yP_d^iP `N| PyJzZe[f|dfP\fPiP¬
lyOP\fd^Y
d^P_xbd^P}[]P_`<\fw\feli`®IP\%|ﬁ'
b7v7lyaN`NzI¬­l  P dfdflydﬃ,N`Ne \fPxbd^P}|eh[]ely`ªwndfe\^LbOP\fe|-'
Njkdflyyd%wnOOe`bwy`NzﬃaN[]P_d7P dfd^lid('
KLbP#wn`wnYI[^eh[±wn`z:g<aNwn`<\^e.|_w\^ely`
ln¢2ab`|P d^\fwye`<\oYwn`zP dfd^lid zZaNPS\fl)\^LNP_[^PŁzZe  >P dfP `<\[^lyaNdf| P_[kLw³¥yP{JP P_`ﬃ[]\^aNzZeP_z
IY
[^P ¥iP d%wnwnaZ\fLblyd%[_rjwnd^\^eh|aNwyd^Yy®zZeh[f|dfP\^e_wn\^ely`+P dfd^lidŁLwy[ŁP_P `«[]\^aNzZeP_ze`* @L/E10ŁdfezwyzNwnxZ\feli`\fP_|%Lb`behg<abP_[	@[]P_P¢¯lyd
e`N[]\fwn`|P	 VbiI@JZby/2
LNw³¥iP#P_P `ªxbdflyxJli[^P_z
\^l:|li`<\^dfly>\^LNe[7P_d^dflyd}kKLbPe`#NabP_`N|Ply¢DiP liOP \^dfe|_wn ab`|P d^\fwye`<\oY:Lwy[
JP P_`wizbzZdfP_[f[]P}ze`$}ZNn/EZ7LbP_d^P}wy[±ab`N|P_d]\%wne`<\oYd^P_wn\^P_z\^lr\^abdfbabP `N| P#OlZzZP_e`bLNwy[ JP P `ª[]\^aNzZeP_zﬃe`3 ZnZnI<ﬃ­
KLbPe`#NaNP `N| Pln¢aN`N|P_d]\%wne`ﬃxbLIYZ[^e|_wn xNwydfwyOP \^P_df[ ¢¯lyd7JlyaN`NzbwndfY





zZeh[f|dfP\^e_wn\^ely` P dfd^lid_e\^P_dfwn\^e¥yPª|ly`I¥iP dfyP `|P















` w«[^P_|li`Nz xNwnd^\_"P¨xbdflyxJli[^Pªw¤OP \^LblZz \^Lw\:dfP eP}[ly` OP\%w¬­OlZzZP_[\^l«P_[]\^eOw\fP[o\%w\^eh[]\^eh| [e` w\o ly¬EP ¥iP 
OlZzZP e`bxbdflI| P_zZaNd^Pi

`:wŁ\fLbed%zxNwyd]\}n\fLbP{xbdflyxJli[^P_zOP\fLblZze[ zZP Oly`[o\fdfwn\^P_zIYlyxZ\feOe e`b)w7e`b[^LNwnxJP7ln¢®wba[]e`bP_[f[kwyed%|d%w¢£\k7e\^L









































¯eE PiDxNL<YZ[^e|_wn!#Nl NP hzb[
zZP xJP `NzeOxbeh|e\^Yli`\^LbP{zZP}[]ey`
¥wndfehwnbP_[{\^LbdflyabiL\^LbP[o\%w\^PP_g<aNw\feli`N[




7Lbeh|%L©zZPN`bPﬃlyxJP d%w\^e`b| ly`Nzbe \feli`N[[^aN|%L©wi[Twi|%L«`<aNOJP d}kwn`biP:ly¢{w\]\%wy|%§>P\%|n YDe`NwnYykw¨iP `bP_dfwy±xNwydfwyOP \^dfe|
[^LNwnxJPlyxb\^eOe_wn\^ely`xbdflybP O |_wn`PP ²Zxbd^P}[^[^P_zﬃwy[
T¨e`beOe P
J (x, W (x, a)) x ∈ <n,
WIabbmoP_|°\7\fl





d^P_xbdfP_[^P `<\f[rwyzbzZe\^ely`Nwy ÇxbLIYZ[]eh| wy lidriP lyOP \^dfe|_wn+
|li`N[o\fdfwye`<\%[ «WIP ¥iP d%wn lyxZ\feOe_w\feli` []\^d%w\fP yeP_[rwn`Nz `<ab¬
OP dfeh| wnOP\^LNlIzN[S| wy`ªP| wndfdfeP}z

















J (x(k), W (x(k), a))
wn`zﬃxJli[f[^ebY:e\f[7idfwizZeP_`<\



















KLbeh[±zbP\^P_d^Oe`beh[o\fe|lixZ\^eOe}w\^ely`xNd^libP_O/LNwi[JP P `:[^ly¥yP}zaN[]e`bidfwizZeP_`<\]¬­Nwy[^P_zOP \^LblZzb[±lydkP_¥yliaZ\feli`b`Nwyd^YwyxZ¬









WIeOaNwn\^ely`Z¬­Nwy[^P_zzZP}[]ey`ªlyxb\^eOe_wn\^ely`ªe`ªwyP dflZzZYI`NwnOeh| ["LNwy[{P_P `wn`¨wi|°\^e¥yP#dfP_[^P_wydf|%L
\^lyxNe|Ł¢¯lid7\^LbPhwy[]\{YyP}wnd%[wn`Nz
eh[{`bl wnxbxNeP_zﬃ\^l
e`NzbaN[o\fd^ehwn xNd^libP_O[ Nwi[{[^Lbl7`ﬃe`¨xbdfP ¥IelyaN[dfP¢¯P_d^P_`N|P}[  YNlyd{wly`b\feOPiNlyxb\^eOe_wn\^ely`ªP²ZP_df| e[^P_[
"P dfPS| wyd^dfeP_zlyaZ\ `bP iP}|°\^e`b)aN`N|P_d]\%wne`i\oYi

\"e[±Owne`bYzZaNP7\^l\^LbPS¢Çwy|°\±\^LNwn\7µ Y {¬­Nwi[]P}zzZP_[^ei`OP\^LNlIzblylyyeP_[k P_d^P
zZP_¥yP_lixP}z
IYªµ Y ~P ²ZxP_d]\%[ Z7Lbl"P dfP#`bln\7¥yP_d^Y:¢ÇwnOeehwnd77e\^Lªab`N| P d^\fwne`<\oY:wn`NwyYZ[^e[7wy`NzﬃOwy`NwniP OP `<\}
5Sl P_¥yP d}wyxbxbe|_w\feli`ln¢±[^aN|%LzZP \^P_d^Oe`be[]\^eh|)OP \^LblZzb[#| wy`P_wyz¨\^l
aN`bP²ZxJP_|°\fP_zxP_d]¢¯lid^Own`|P)li[f[]P}[{e`xbd%wy|\^eh|P
wy`Nz
aN`Nwy|_|P xb\fwnNPŁd^P}[]aN \%[ 

`NzbP P_z®I\^LbP#xbdfP_[f|dfeJP_z
lyxZ\feOe P}zﬃzZP}[]ey`eh[7[]abbmoP_|°\\fle`bLbP_d^P_`<\"iP lyOP \^dfe|_wn>¥wndfewn\^ely`N[
zZaNP\fl
Own`IaZ¢Çwi|°\^aNd^e`b\flyP d%wn`N| P_[_ T¨lid^P_l¥yP d}blixP_dfwn\^e`b
|li`NzZe\^ely`N[_ []a|%Lwy[ŁTwy|%L¨`IabOrP_d_ wy`byPly¢±w\]\%wy|%§>JP\f|y
wyd^P:[^abZmoP}|°\\^l¨¥wyd^ehwnbee \oYwy`Nzdfwy`NzZliO #NaN|\^aNwn\^ely`N[_ﬃKLbP_d^P ¢¯lydfPy \fLbP	b\f`bP_[f[ly¢ \fLbP:lyxb\^eOwy±zZP}[]ey`xbdfP_zZeh|°\fP_zIY
µ Y  eh[aN[^aNwnY:`bln\{liZ\fwye`NP_zﬃe`ªxbd%wy|\^eh|PybzbabPŁ\^lyP_lyOP\fd^eh| wy>ab`N|P_d]\%wne`<\oY:wn`NzlyxJP d%w\fe`N| ly`NzZe\^ely`ab`N| P d^\fwye`<\oYy




2?9;8.ﬂ  .8. 3@
OP\fLblZzb[{eh[7\flOe`beOe_P)\fLbP)xJP d^¢¯lydfOwy`N|P#li[f[{zZabP)\^l:P_¥yP dfYZzbw³Y%#NaN|\^aNwn\^ely`N[_N7LNP dfP_wy["\fLbPwyeO¦ln¢
2-A @?- A  ﬂ$	BA?,R8-,
 .8. 3@
OP\fLblZzb[Seh[7\fl:Own`NwyyPŁ\^LNPr|li`N[^P_g<abP `|P_[{ln¢P²I\^dfP OPP_¥yP `<\%[ Ç[^P PNyabdfP¢¯dflyO  y +
{KLbP)xbdfP_[^P `<\S"lydf§:eh[
¢¯lZ|a[]P}zªly`\^LbPrzZP ¥iP lyxbOP `<\{ly¢`IabOP_d^eh| wy®OP\^LNlIzN[7¢¯lydSd^libaN[]\SzZP_[^ei`ªe`ª\fLbP¢¯d%wnOP "lydf§ln¢dfP_wneh[o\fe|wyP dflIzbY<`wnOe|
xbdflyNP_O[_T¨lydfP l¥iP d}_"P7[]abxNxl<[]P"e`\fLbP`bP²I\±[^P_|°\feli`N[\^LNwn\ab`N|P_d]\%wne`<\oYly`bY)lydfeye`Nw\fP_[2¢¯d^liO#NaN|\^aNwn\^e`b#lyxJP d%w\^e`b






























xZ\^eOe}w\^ely`ab`NzbP d7ab`N| P d^\fwye`<\oY
| wi[^[^eJ| w\feli`®
  ./













wyP dflZzZYI`NwnOeh| [_/Nd%[o\±wn\]\^P_OxZ\f[±\^l)dfP_zbaN|P\fLbP [^P `N[^e\^e¥<e\oYly¢>\^LbP lyxZ\feOwnJzZP_[^ey`\^l)lixP_dfwn\^e`b)|li`NzZe\^ely`N[ |li`N[]eh[]\^P_z
e`©[^ly¥<e`bOrab\^exlie`<\rlixZ\^eOe}w\feli`«xbd^libP O[ \^l+xbdfP ¥yP_`<\¢¯d^liO wxl<[^[^eNY¤[]P_¥yP_d^P:zZP_yd%wyzbwn\^ely`e` \^LbPﬃl  J¬­zZP}[]ey`
xJP d^¢¯lydfOwn`N| Py  Oab\^exlie`<\±lixZ\^eOe}w\feli`xNd^libP_O | ly`N[^e[]\f[e`d^P_xbhwy|e`bŁ\^LNPS|l<[o\¢¯ab`|°\^ely`e`\^LbP |hwy[f[]eh| wyI¢¯lydfOabhw¬
\feli`4]ﬃ

















C(x, W (x, ai)) ≤ 0 i = 1, . . . , N.
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J (x, W (x, a)) a ∈ [amin, amax],
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FO = J (x, W (x, µA)).
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initial NACA 0012 section
optimized at M=0.83
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pareto front for robust design
optimum design at M=0.83
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mean weight = 1   variance weight = 0
mean weight = 0.5    variance weight = 0.5
mean weight = 0   variance weight = 1
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mean weight = 1   variance weight = 0
mean weight = 0.5   variance weight = 0.5
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optimum design at M=0.83
weight mean = 1   weight variance = 0
weight mean = 0.5   weight variance = 0.5
weight mean = 0   weight variance = 1
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